We study the virtual element (VEM) approximation of elliptic eigenvalue problems. The main result of the paper states that VEM provides an optimal order approximation of the eigenmodes. A wide set of numerical tests confirm the theoretical analysis.
Introduction
The Virtual Element Method (VEM) is a brand new approximation technique introduced in [8] which has been applied to several problems. In its abstract formulation the method is a generalization of the conforming finite element method which allows, nevertheless, the use of general polygonal and polyhedral meshes without having to integrate complex non-polynomial functions on the elements.
The Virtual Element Method has been developed successfully for a large range of problems: the linear elasticity problems, both for the compressible and the nearly incompressible case [9, 34] , a stream and a non-conforming formulation of VEMs for the Stokes problem [3, 30] , the non-linear elastic and inelastic deformation problems, mainly focusing on a small deformation regime [17] , the Darcy problem in mixed form [26] , the plate bending problem [27] , the Steklov eigenvalue problem [36] , the general second order elliptic problems in primal [14] and mixed form [11] , the Cahn-Hilliard equation [4] , the Helmholtz problem [39] , the discrete fracture network simulations [22, 21] , the time-dependent diffusion problems [42, 41] and the Stokes problem [18] . In [5, 29] the authors present a non-conforming Virtual Element Space. A posteriori error estimates are studied in [20, 28, 37] . H(div) and H(curl) VEM and VEM with arbitrary regularity are presented in [7] and [19] , respectively. In [15] the VEM hp version is analyzed. Finally, in [13, 12] the authors introduce the last version of Virtual Element spaces, the Serendipity VEM spaces that, in analogy with the Serendipity FEMs, allows to reduce the number of degrees of freedom.
In this paper we study the Virtual Element Method applied to elliptic eigenvalue problems. As a model problem we consider the Laplace eigenvalue problem. Nevertheless the analysis generalizes straightforward to the case of more general second order elliptic eigenvalue problems. The discretization of the problem requires the introduction of two discrete bilinear forms, one being the approximated grad-grad form and the other being a discrete version of the L 2 -inner product. The latter one is built using the techniques of [2] . In particular, we consider both a non-stabilized form and a stabilized one, and we study the convergence properties of the corresponding discrete formulations. It is shown that the Virtual Element Method provides optimal convergence rates both for the eigenfunctions and the eigenvalues. The paper is organized as follows. In Section 2, we set up the model eigenproblem, while in Section 3 we recall the definition of the bi-dimensional and three-dimensional Virtual Element Spaces. In Section 4 we introduce the virtual element formulation of the problem, and in Section 5 we recall some fundamental results for the spectral approximation of compact operators. In Section 6 we prove the main results of the paper, which consist in the a optimal priori error estimates for the VEM approximation of general elliptic eigenvalue problems. We discuss the implementation details in Section 7 and show the behaviour of the method for a set of numerical examples. We finally draw the conclusions in Section 8.
Setting of the problem
We are interested in the problem of computing the eigenvalues of the Laplace operator, namely find λ ∈ R such that there exists u, with u 0 = 1 satisfying
where Ω ⊂ R n (n = 2, 3) is a bounded polygonal/polyhedral domain with Lipschitz boundary Γ.
For ease of exposition, we focus on the case of Dirichlet boundary conditions. The extension to other boundary conditions are analogous.
The variational formulation of problem (1) reads: find λ ∈ R such that there exists u ∈ V , with u 0 = 1 satisfying
where
It is well-know that the eigenvalues of problem (2) form a positive increasing divergent sequence, and that the corresponding eigenfunctions are an orthonormal basis of V with respect both to the L 2 -inner product and to the scalar product associated with the bilinear form a(·, ·). Due to regularity results [1] , there exists a constant r > 1/2 depending on Ω, such that the solution u belongs to the space H 1+r (Ω). It can be proved that r is at least one if Ω is a convex domain, while r is at least π/ω − ε for any ε > 0 for a non-convex domain, being ω < 2π the maximum interior angle of Ω.
We will also need the source problem associated with the eigenvalue problem (2): given
Throughout the paper, we will make use of the following notation. We will denote by | · | s,ω and · s,ω the seminorm and the norm in the Sobolev space H s (ω), respectively, while (·, ·) ω will denote le L 2 -inner product over the domain ω. Moreover, if ω = Ω, the subscript ω may be omitted. For a positive integer k, P k (ω) will denote the space of polynomials on ω of degree at most k. Finally, a ω (·, ·) and b ω (·, ·) will denote respectively the restriction of the form a(·, ·) and b(·, ·) on ω.
Virtual Element Spaces
In this section, we briefly recall the definition of the Virtual Element Spaces. We present separately the the bi-dimensional and the three-dimensional case.
Bi-dimensional case
Let {T h } h be a sequence of decompositions of Ω into polygons P , and let E h denote the set of edges e of T h . For every element P , we denote by |P | its area and by h P its diameter.
Similarly, for each edge e, |e| or, equivalentely, h e will denote its length. Depending on the context, ∂P may denote the boundary of element P or the set of the element edges. As usual, the mesh size h is the maximum diameter of the elements P in T h . In accordance with [8] , we assume the following mesh regularity condition: there exist a positive constant γ, independent of h, such that each element P ∈ T h is star-shaped with respect to a ball of radius greater than γh P , and for every element P , and for every edge e ⊂ ∂P , h e ≥ γh P .
Following [8, 2] , for every integer k ≥ 1 and for every element P ∈ T h we definẽ
For each v inṼ k h (P ), we consider the following linear operators D 2D split into three sets:
2 : the scaled edge moments up to order k − 2 1 |e| e v m ds, ∀m ∈ M k−2 (e), on each edge e of P ,
• D
2D
3 : the scaled element moments up to order k − 2 1
where M k−2 (ω) denotes the set of scaled monomials on ω
being x ω the barycenter of ω, and where we set M −1 (ω) = ∅. allows to exactly compute the L 2 (P )-projection of any function inṼ k h (P ) onto the local space of piecewise polynomial of degrees at most k − 2. Indeed, given a function v ∈Ṽ k h (P ), the L 2 (P )-projection of v is defined as the unique element
Notice that (4) is a linear system with right hand side given by the D 2D 3 (v). We observe that, instead, the linear operators D 2D 3 are not enough to compute the projection onto the space of piecewise polynomial of degree k .
From the linear operators D
2D , on each element P we can construct and exactly compute a projection operator Π
and
We observe that this operator is well-defined also for functions in H 1 (P ), but in this case it is not exactly computable. On the other hand, for all v ∈Ṽ The local virtual space is then defined as
where (P k /P k−2 (P )) denotes the space of polynomials in P k (P ) L 2 -orthogonal to all polynomials in P k−2 (P ). We recall that, by construction, the local space V k h (P ) enjoys the following fundamental properties (see [2] ):
. This property will guarantee the optimal order of approximation
• (P2) the set of linear operators D 2D constitute a set of degrees of freedom (DoFs) for the space
and it is still computable in terms of the degrees of freedom
is computable only in terms of the degrees of freedom
k−1 ∇v h can be explicitly computed from the degrees of freedom, see [14] .
The global bi-dimensional discrete space is hence defined in the finite element way as
Three-dimensional case
The aim of this section is to briefly present the extension of the Virtual Element spaces to the three-dimensional case, recalling from [2] the core idea of the three-dimensional VEM.
Let {T h } h be a sequence of decompositions of Ω into general polyhedral elements P . We assume that for all h, each element P ∈ T h fulfils the following assumptions: there exists a uniform positive constant γ such that P is star-shaped with respect to a sphere of radius greater than γ h P , and every face f of P is star-shaped with respect to a ball of radius greater than γ h f , and for every face f of P and for every edge e of f , it holds that h e ≥ γ h f ≥ γ 2 h P , where h f (resp. h e ) denotes the diameter of the face f (resp. the length of the edge e).
Let P in T h . We start by defining the virtual local-boundary space, observing that each face f ∈ ∂P is a polygon. Let us define the following space
The above space is made of functions that on each face are two-dimensional virtual functions, that glue continuously across edges. Once the boundary space is defined, the steps to follow in order to define the local virtual space on P become very similar to the two dimensional case. We first introduce a preliminary local virtual element space on P
Therefore, extending to the polyhedra the definition (8), we can define the local virtual space
Now the degrees of freedom for the space V 
From [2] we have that the three-dimensional space V k h (P ) matches the three-dimensional counterpart of the properties (P1), (P2), (P3), (P4), (P5).
Finally, the three-dimensional global virtual space V
is defined by using a standard assembly procedure as in finite elements
Virtual Element discretization
This section is devoted to the virtual element discretization of the source and the eigenvalue problem. We underline that the analysis holds both in the two dimensional and the three dimensional case. Therefore, from now on, we do not make any distinction between the spaces in two and three dimensions, and we simply denote by V k h the global VEM space of order k. The Virtual Element discretization of source problem (3) reads
where ·, · denotes the duality pairing in V k h , and
The discrete bilinear form a h (·, ·) splits as
with a
where S P (·, ·) denotes any symmetric positive definite bilinear form on the element P such that there exist two uniform positive constants c 0 and c 1 such that
Remark 4.1. The above requirement means that the form S P (·, ·) scales as a
, with n = 2 in the bi-dimensional case and n = 3 in the three-dimensional one.
The choice of the discrete form a h (·, ·) is driven by the need to satisfy the k-consistency and stability properties, i.e.
• k-consistency: for all v ∈ V k h and for all p ∈ P k (P ) it holds
• stability: there exists two positive constants α * , α * , independent of h and of P , such that
In particular, the first term in (13) ensures k-consistency, while the second one stability.
The following interpolation and approximation properties hold [28, 25] .
Theorem 4.1. There exists a constant C, depending only on the polynomial degree k and the shape regurality γ, such that for every s with 2 ≤ s ≤ k + 1, for every h, for all P ∈ T h , and
Theorem 4.2. There exists a constant C, depending only on the polynomial degree k and the shape regurality γ, such that for every s with 1 ≤ s ≤ k + 1 and for every w ∈ H s (Ω) there exists a w π ∈ P k (P ) such that
In [2] it has been proved that the discrete problem (11) is well-posed and that the following optimal a priori error estimate holds. (3) and u h ∈ V k h be the solution of the discrete problem (11) , then for every approximation u I ∈ V k h of u and for every approximation u π of u that is piecewise in P k it holds
Theorem 4.3. Let u be the solution of problem
where C is a positive constant depending only on α * and α * , and for every h,
Remark 4.2. We observe that the same result holds also for general linear second order elliptic problems, provided the form a(·, ·) is choosen as in (33) . We refer to [14] for an exaustive analysis.
Remark 4.3. The interpolation and the approximation estimates in Theorems 4.1 and 4.2, the definition of < f h , v >, and the stability of the continuous source problem yield that, for f ∈ L 2 (Ω), the a priori error estimate in Theorem 4.3 becomes
where t = min{k, r}, being k the polynomial degree and r the regularity index of the solution u.
We are now ready to write the VEM approximation of problem (2):
. Two possible choices for the discrete form b h (·, ·) are available. The first one is inspired by the virtual approximation of the load term in the source problem (11) and reads as follows:
The second possible choice consists in considering a discrete bilinear formb h (·, ·) which enjoys not only the k-consistency property, but also the stability one. In this case, as done for the discrete form a h (·, ·), we definẽ
whereS P is any positive definite bilinear form on the element P such that there exist two uniform positive constantsc 0 andc 1 such that
Remark 4.4. In analogy with the condition on the form S P (·, ·), we require that the formS
with n = 2, and n = 3 in the bi-dimensional and in the three-dimensional case, respectively. Remark 4.5. In the definition of the discrete bilinear forms b h (·, ·) andb h (·, ·), we project onto the space P k (P ) since it has been numerically observed that this gives more accurate results. For sure, this choice does not provide a better convergence rate, due to the k-consistency property.
The second VEM approximation of problem (2) then reads as findλ h ∈ R such that there existsũ h ∈ V k h , with ũ h 0 = 1 satisfying
In what follows, we will also need the discrete source problem corresponding to the second discrete formulation (21) , which reads as:
The well-posedness of the discrete formulation (22) stems from that of the discrete formulation (11), since the bilinear form a h (·, ·) is coercive (due to the stability property).
Summarizing, we consider two different discrete approximation of problems (2) and (3), with at the right hand side a non-stabilized bilinear form and a stablized one, respectively.
Spectral approximation for compact operators
In this section, we briefly recall some spectral approximation results that can be deduced from [6, 23, 35] . For more general results, we refer to the original papers.
Before stating the spectral approximation results, we introduce a natural compact operator associated with problem (2) and its discrete counterpart and we recall their connection with the eigenmode convergence.
Let T ∈ L(L 2 (Ω)) be the solution operator associated with problem (2), namely T :
Operator T is self-adjoint and positive definite. Moreover, operator T is also compact due to the compact embedding of
(Ω)) be the discrete solution operator associated with problem (11) defined as
Operators T h andT h are self-adjoint and compact since their ranges are finite dimensional. Finally, the eigensolutions of the continuous and the discrete problems (2) and (18) are respectively related to the eigenmodes of operators T and T h in the sense that the corresponding eigenvalues are inverse of each other and their eigenspaces coincide. By virtue of this correspondence, the convergence analysis can be derived from the spectral approximation theory for compact operators.
Since similar considerations hold for the eigenmodes of operators T andT h , in the following we present only the results relative to operators T and T h .
A sufficient condition for the correct spectral approximation of a compact operator T is the uniform convergence to T of the family of discrete operators {T h } h [6, 23] :
or, equivalentely,
with ρ(h) tending to zero as h goes to zero. We remark that (23) , besides the convergence of the eigenmodes, contains also the information that no spurious eigenvalues pollute the spectrum. In fact, (i) each continuous eigenvalue is approximated by a number of discrete eigenvalues (counted with their multiplicity) that corresponds exactly to its multiplicity;
(ii) each discrete eigenvalue approximates a continuous eigenvalue.
Since operator T is compact and self-adjoint, condition (23) is also necessary for the correct spectral approximation; see [24] . Regarding the rate of convergence of eigenvalues and eigenvectors, we refer to [32, 33] .
A simple way to estimate the norm of the difference T − T h is to use a priori error estimates.
Convergence analysis of the method
In this section we study the convergence of the discrete eigenmodes provided by the VEM approximation to the continuous ones. We will consider the non-stabilized discrete formulation (18) and the stabilized one (21) separately.
Convergence analysis for the first formulation
In the case of the first VEM approximation of problem (2) , which corresponds to the choice of a non-stabilized b h (·, ·) form, the uniform convergence of the sequence of operators T h to T directly stems from the a priori error estimates in Remark (4.3). The optimal rate of convergence of the eigenfunctions and the double rate of convergence of the eigenvalues can then be proved following the arguments in [38] , Sections 4.
The following theorem ensures the convergence of eigenmodes.
Theorem 6.1. The family of operators T h associated with problem (11) converges uniformly to the operator T associated with problem (3), that is,
Let λ be an eigenvalue of problem (2) 
where the non-negative constant C is independent of h, t = min{k, r}, being k the order of the method and r the regurality index of the eigenfunction, andδ(E λ , E λ,h ) denotes the gap between E λ and E λ,h .
Proof. The uniform convergence of T h to T directly stems from the a priori error estimate in Remark (4.3). Indeed, denoting by u s and u s h , respectively, the solutions of the continuous and discrete source problems (3) and (11) 
with l = min{t, 1}, being t = min{k, r}. The eigenmodes convergence (26) can then be proved following step by step the lines of the proof of Theorems 4.2. and 4.3. in [38] , substituting the projector Π ∆ K with Π 0 k .
Convergence analysis for the second formulation
The convergence analysis of the second discrete formulation of problem (2), corresponding to the choice of the stabilized formb h (·, ·), is more involved. In this case, we resort to the abstract theory of the spectral approximation for non-compact operators by Descloux, Nassif, and Rappaz (see [32, 33] ).
We recall the main convergence theorem stated in [33] .
Theorem 6.2. Assume that the following two conditions are satisfied:
(1):
Then the eigenmodes convergence holds.
Theorem 6.3. The following two conditions hold true.
Proof. Property (2) directly stems from the approximation properties of the virtual element space (Theorem 4.2). On the other hand, property (1) can be proved as follows.
By Theorem (6.1), the first terms goes to zero. We are left to prove that the second term goes to zero as well. To this end, we proceed as follows:
where u s h andũ s h denote, respectively, the solutions of the discrete source problems (11) and (22) (11) and (22))
and hence
Taking into account the Poincaré inequality and estimate (29), we obtain
with C p denoting the Poincaré constant. We conclude the proof observing that
which gives the uniform convergence (1) in (27) .
We end this section stating the convergence theorem for the second discrete approximation of problem (2).
Theorem 6.4. The family of operatorsT h associated with problem (22) converges uniformly to the operator T associated with problem (3), that is,
where the non-negative constant C is independent of h, t = min{k, r}, being k the order of the method and r the regurality index of the eigenfunction, andδ(Eλ, Eλ ,h ) denotes the gap between
Eλ and Eλ ,h .
Proof. The uniform convergence ofT h to T is a direct consequence of Theorems 6.2 and 6.3. Finally, as for the analysis of the non stabilized formulation, eigenmodes convergence can be proved following the same arguments as in Theorem 4.2. and 4.3. in [38] .
Numerical tests
In this section we present four numerical experiments to test the performance of the virtual element methodfor the bi-dimensional case, in particular we confirm the a priori bounds on the error of the eigenvalue approximation provided by Theorem 6.1 and Theorem 6.4. We consider the error quantities:
We briefly sketch two possible constructions of the stabilizing bilinear forms S P (·, ·) and S P (·, ·) in (13) and (20), respectively. The first choice follows a standard VEM technique (cf. [8, 10] ), the second one is a new diagonal recipe for the stabilization introduced lately in [16] . Let us denote withv h ,w h ∈ R N P the vectors containing the values of the N P local degrees of freedom associated to v h , w h ∈ V k h (P ). Then, we set • scalar stabilization:
T hwh (31) where the stability parameters σ P and τ P are two positive h-independent constants. When non clearly mentioned, in the numerical tests we choose σ P as the mean value of the eigenvalues of the matrix stemming from the consistency term a P Π ∇ k ·, Π ∇ k · for the gradgrad form (see (13) ). In the same way we pick τ P as the mean value of the eigenvalues of the matrix resulting from the term (20)).
• diagonal stabilization:
where D P and D P are two diagonal matrices defined by [16] (
where φ i denotes the i-th basis function.
Using standard scaling arguments, in accordance with Remark (4.1) and Remark (4.4), we notice that both stabilizations yield the correct scale for S P (·, ·) andS P (·, ·).
Test 7.1. In the first test we consider the standard eigenvalue problem with homogeneous Dirichlet boundary conditions. Regarding the computational domain, in the test we take the square domain Ω = (0, 1) 2 , which is partitioned using the following sequences of polygonal meshes: For the generation of the Voronoi meshes we used the code Polymesher [40] . The WEB-like meshes are composed by hexagons, generated starting from the triangular meshes {T h } h and randomly displacing the midpoint of each (non boundary) edge. It is well known that the eigenvalues of the problem are given by
f or n, m ∈ N, with n, m = 0.
We consider the VEM approximation problem (21) stemming from the stabilized bilinear form b h (·, ·) where we use the stabilization (31) with the above mentioned selections of the stabilization parameters. We consider the polynomial degree of accuracy k = 1, 2, 3, 4 and we study the convergence of the errors h,λ with respect to h for the first six eigenvalues. In Figures 2-5 , we display the results for the sequence of Voronoi meshes V h , the sequence of meshes T h , Q h , and W h , respecitvely. We notice that for k = 1, 2, 3 the theoretical predictions of Section 6.2 and Theorem 6.4 are confirmed for all the adopted meshes (noticed that the eigenfunctions are analytical). Whereas for k = 4, the errors are close to the machine precision, but for small values of h they become larger. This fact is natural and stems from the conditioning of the matrices involved in the computation of the VEM solution. Indeed, as in standard FEM, their condition numbers become larger when we consider higher VEM approximation degrees. The choice of the diagonal stabilization (32) , cures this problem, see Figure 6 : for small values of the mesh size h we have errors close to the machine precision.
Test 7.2. We consider the same eigenvalue problem of Test 7.1 and we study the performance of the VEM discretization by comparing the non stabilized virtual method (18) with the stabilized one (21) with the stabilizations above introduced (cf. (31) and (32)). We use the polygonal decompositions listed above and polynomial degree of accuracy k = 1 and k = 4. In Table 1 , 2, 3, 4 we show respectively the results for the sequences of meshes V h , T h , Q h and W h for the lowest degree k = 1.
We notice that the matrices stemming from the non stabilized bilinear forms are not positive definite therefore we can not use the MATLAB routine eigs for sparse matrices. We overcome this problem by using for k = 1 the MATLAB routine eig for full matrices. Whereas for k = 4 we approximate the non stabilized bilinear forms by considering the stabilizationsS P (·, ·) in (31) with τ P = 1e − 16. Moreover, we observe that the stabilized method (with both stabilizations) and the non stabilized method exhibit almost identical errors for the low order k = 1, at least for this example and with the adopted meshes. For k = 4, as observed above, the diagonal stabilization shows for small values of h better performances.
We can observe that the results in the tables confirm the theoretical rates of convergence stated in Section 6.1 and 6.2. In Table 2 we observe that the errors, as expected, are identical for the three cases. Indeed for the triangular meshes T h the virtual space V 1 h (T ) corresponds to the space of linear polynomials, then
, therefore the non stabilized method (18) and the stabilized method (21) are equivalent.
Finally, we test the robustness of the method with respect to the stabilization parameter τ P in (31) . In Figure 7 we plot the first four eigenvalues obtained by using the method (21) with k = 1 for the sequence of Voronoi meshes V h in Test 7.1 as a function of stabilization parameter τ P . (21) and (18)).
We observe that the method is robust with respect to the stabilization parameter τ P . For reasonable values of τ P and for small enough values of the mesh size h, the numerical eigenvalues 1.54372e − 2 3.81409e − 2 6.02252e − 2 7.55284e − 2 1/16 3.54381e − 3 9.00524e − 3 1.51584e − 2 1.71163e − 2 1/32 9.51096e − 4 2.64316e − 3 3.76702e − 3 4.71650e − 3 (21) and (18)).
are not effected by the selection of the stabilization parameter. Moreover, as expected, the "critical parameter", i.e. the minimum value τ P for which the associated method fails, goes like (21) and (18)). (21) and (18)). set in [31] . We consider the square domain Ω = (−1, 1) 2 splitted into two subdomains Ω δ and Ω 1 (see the left plot in Figure 8 ), and we study the eigenvalue problem on the square with Neumann homogeneous boundary conditions and discontinuous diffusivity. In this test we consider the continuous bilinear form a
whose virtual approximation (see [14] ) is given by
to be used in place of a P h (u h , v h ) (cf. (13)) in Problem (22) . We take K |Ω1 = I and K |Ω δ = δI with four different values of δ, namely δ = 0.50, 0.10, 0.01, 1e − 8.
We apply the Virtual Element method (21) with the scalar stabilization (31) using a sequence of Voronoi meshes with mesh diameter h = 1/2, 1/4, 1/8, 1/16 (see the right plot in Figure 8 for an example of the adopted meshes). We show the plot of the convergence for the first and second computed eigenvalues in Figures 9 and 10 . We compute the errors h,λ by comparing our results with the values given in [31] . (21) and (18)). (21) and (18)).
We can observe, in accordance with Theorem 6.4, different rates of convergence that are determined by the polynomail order of the method and by the regularity of the corresponding exact eigenfunctions [31] . Taking this into account, the method is overall optimal, and thus stable with respect to discontinuities in the diffusivity tensor.
Test 7.4. In the last test we solve the eigenvalue problem with Neumann boundary conditions on the non-convex L-shaped domain Ω = Ω big \ Ω small , where Ω big is the square (−1, 1) 2 and Ω small is the square (0, 1)×(−1, 0). Also this test problem is taken from the benchmark singular solution set [31] . We apply the Virtual Element method (21) with the scalar stabilization (31) . We use the sequence of Voronoi decomposition of the domain Ω in Figure 11 . The convergence results relative to the first and the third eigenvalues are shown in Figure 12 . For the first eigenvalue we observe a lower rate of convergence due to the fact that the corresponding eigenfunction is in H 1+r , with r = 2/3 − ε for any ε > 0 (see [31] ), while the third eigenfunction is analytical therefore we obtain the optimal order of convergence. The error slopes validate the predicted convergence rates stated in Section 6.2, and confirm the optimality of the method also on non-convex domains. (21) and (18)). 
Conclusions
We have analyzed the VEM approximation of elliptic eigenvalue problems. We proved the method is of optimal order both in the approximation of the eigenfunctions and of the eigenvalues. A wide set of numerical test confirm the theoretical results. Further development consists in studying the VEM approximation of eigenvalue problems in mixed form, a posteriori error estimates and convergence of adaptive VEM for eigenvalue problems. 
